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Abstract 
In a bitopological space (X, Fi, F-,), ri is said to be locally compact with 
respect to 92 if for each point x E X there is a Fi open neighbourhood of x whose 
rs closure is pairwise compact. (X, Fi, Fa) is pairwise locally compact if 91 is 
locally compact with respect to Fa and 92 is locally compact with respect to Fi. 
This paper examines this concept, defines a bitopological analogue of the Alexandroff 
one point compactificstion and investigates its properties. 
1. Intraluction 
The triple (X, Yi, ra) where X is a set and 9-1 and 5-2 are topologies 
on X is called a bitopological space. KELLY [3] initiated the systematic 
study of such spaces and several other authors have contributed to the 
development of the theory. The purpose of this paper is to introduce 
the concept of local compactness for bitopological spaces. 
The problem of defining bitopological compactness has been considered 
by several authors, in particular, FLETCHER, HOYLE and PATTY [2], 
KIM [a], BIRSAN [l] and SWART [8]. A cover @ of (X, 5-1, Ys) is called 
pairwise open [2, Definition 31 if @ C Yr u 9-2 and if 9 contains at 
least one non-empty member of Yi and at least one non-empty member 
of 9-a. If every pairwise open cover of (X, Yi, 9-a) has a finite subcover 
then the space is called pairwise compact. The definitions of KIM [4, 
Definition 2.11 involving the compactness of the adjoint topology, and 
SWART [8, Definition 4.11 involving the compactness of the least upper 
bound topology, are inherently topological rather than bitopological. The 
Birsan definition, as well as that of Swart, has the disadvantage that 
when (X, Yr,Y-a) is both compact and pairwise Hausdorff then 9-1 =Ya, 
and (X, 9-1, Ya) reduces to a compact Hausdorff topological space. In 
this paper, the term “pairwise compact” is used exclusively in the Fletcher, 
Hoyle and Patty sense (which has the disadvantage of not being product 
invariant). 
It seems that there have been two previous definitions of bitopological 
local compactness, namely those of STOLTENBERG [7] who defines Y1 to 
be locally compact with respect to 72 if for each point x E X there is a 
Yi open neighbourhood of x whose Ya closure is YZ compact, and BIRSAN 
[l, Definition 31. In each case, in the presence of the pairwise Hausdorff 
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property a locally compact bitopological space reverts to a Hausdorff 
locally compact topological space [7, Theorem 2.21 and [l, Proposition 10 
and remark b), p. 3231. This is not the case with the pairwise local com- 
pactness of Definition 1, since there are pairwise Hausdorff pairwise 
compact spaces (X, 9-1, Ya) with Yi #.Ya, for example [2, Example 41. 
In section 2 the concept of local compactness for bitopological spaces 
is introduced and its properties investigated. In section 3 we define and 
discuss a bitopological analogue of the Alexandroff one point compactifi- 
cation. Most of the results are generalizations of topological theorems 
which can be obtained as corollaries by putting rr equal to rz. Terms 
and notation not explained in this paper are taken from KELLY [3] and 
PERVIN [5]. The author is indebted to the referee for several valuable 
suggestions. 
2. Pairwise locally compact bitopological spaces 
Definition 1. If (X, Yi,Ya) is a bitopological space then 9-1 is 
locally compact with respect to 9-2 if each point of X has a 91 open 
neighbourhood whose Ya closure is pairwise compact. 
(X, 9-1,9-a) is pairwise locally compact if 9-1 is locally compact with 
respect to Ya and .Ya is locally compact with respect to 9-i. 
It is clear that pairwise compactness implies pairwise local compactness. 
The following example shows that a pairwise locally compact bitopological 
space is not a pair of locally compact topological spaces. 
Example. Let X be the set of real numbers, Yi be the left hand 
topology with base the family {( - 00, a) : a E X} and 9-2 the right hand 
topology, see PERVIN [5, p. 501. Then (X, 91) is not locally compact, 
since for each 91 open set U we have 9-1 cl U =X, (Throughout this 
paper 9 cl A denotes the Y closure of A.) and (X, Yi) is not compact. 
Similarly, (X, 7 ) 2 is not locally compact. However, (X, Yi, Ya) is pair- 
wise locally compact because it is pairwise compact. 
We make frequent use of the following result. 
Proposition 1. If (X, 91, Yz) is pairwise compact and A is a 
subset of X which is 9-1 closed then A is pairwise compact, if moreover 
A is a proper subset then A is also 92 compact. 
Proof. Let Q?J be any pairwise open cover of the subspace (A, .F:, 9-l). 
Then @U {X-A} d in uces a pairwise open cover of (X, Yn9-a) which 
has finite subcover for X, and hence so does @ for A. 
The second assertion is Lemma 3 of [2]. Note that A needs to be a 
proper subset of X. 
For pairwise Hausdorff spaces we have the following equivalent for- 
mulation of the definition, 
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Proposition 2. If (X, 9-1,9-a) is pairwise ,Hausdorff the following 
are equivalent. 
(a) 91 is locally compact with respect to 9-z. 
(b) For each point x E X and each 9-1 open set U containing x there 
is a ri open set V such that x E V C 7s cl V C U and Fs cl V is pairwise 
compact. 
Proof. We only need to show that (a) +- (b). Let x E X and 27 be a 
Yi open set containing x. There is a 9-1 open set W containing x such 
that W* =9-a cl W is pairwise compact. The subspace ( W*, .7:, 9-i) is 
pairwise compact and pairwise Hausdorff and hence pairwise regular 
[2, Theorem 121. Thus there is a Y: open set G such that x E G C 5; cl 
G C U n W*. Now G = W* n E for some 9-1 open subset E of X. If 
V= E n W, then V is a 9-1 open set containing x, and 
5Tz ~1 V=(F2 ~1 V) n W*=Fz ~1 V 
so that, by Proposition 1, rs cl V is pairwise compact. Moreover, x E V C 
C9-sclVCC;clGCU. 
Proposition 3. If (X, 91, Ys) is pairwise Hausdorff and Yi is 
locally compact with respect to Ys then 9-1 is regular with respect to Ys. 
Proof. Let A be a 5-1 closed subset of X, and x E X-A. Then, by 
Proposition 2, there is a Yi open set V such that x E V C 9~ cl V C X-A. 
If U=X-9-s cl V then U n V=+, ZE V, A C U and U is 9-2 open. 
We remark that the condition that Fi is Hausdorff which BIRSAN [l, 
Proposition 121 needs for his analogous result is not required here. Thus 
we have the following result which is a generalisation of [2, Theorem 121. 
Corollary. If (X, 9-1, .Ys) is pairwise Hausdorff and pairwise locally 
compact then it is pairwise regular. 
It is not difficult to show that a subspace closed with respect to either 
of the topologies inherits pairwise local compactness. For pairwise Haus- 
dorff spaces we have a further result. 
Proposition 4. If (X, Yi, Y2) is pairwise Hausdorff, 9-1 is locally 
compact with respect to 9-2 and A is Yi open then Y: is locally compact 
with respect to Yi in the subspace (A, 9:, 5:). 
Proof. Let a E A. Since, by Proposition 3, 9-1 is regular with respect 
to 9-2, there is a 9-1 open set U such that a E U C 9-2 cl U C A. By 
Proposition 2, there is a Yr open set V such that a E V C 92 cl V C U 
and 9-s cl V is pairwise compact. Then A n V is a 9: open set containing 
a and 9-z cl (A n V) =9: cl V = A n 9-2 cl V =9-s cl V is pairwise 
compact. 
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3. A bitopological compactificution 
Theorem. Let (X, Fi, Ya) be a bitopological space which is not 
pairwise compact. Then (X, Fi,Yz) can be densely embedded as a 
subspace of a pairwise compact bitopological space. 
Proof. Let X”=XU (00) h w ere co is any point not in X. Let 
FT =Fi u {A : oo E A and X-A is Fi compact, Fi closed, pairwise 
compact and Fz compact}, and similarly define c. It is a straight 
forward exercise to show that q and < are topologies on X”, using 
the relations 
and 
(X-Al) u (X-A2)=X-(A1 n AZ) 
(X-Al) n (X-Az)=X-(A1 u A& 
and Proposition 1. Moreover, the subspace topologies induced on X by 
9-r and Fr are Fi and 9-2 respectively. Hence, if i: (X, Fi, Fa) + 
+ (X”, q,FT) is the identity on X, then i is a pairwise homeomorphism. 
Henceforth, we identify X and i(X). 
Let A be any ~7 open set containing 00. Then X-A is pairwise 
compact, and thus X #X-A. Hence X n A ## so that 00 E q cl X. 
Therefore FT cl X =X”, and X is 5: dense in X”. Similarly for YF. 
Suppose 42 is any pairwise open cover of (X”, q, <). There is some 
UoE~suchthat00EUO.UOE~~orUOE~~.IfUOE~,thenX-Uo 
is pairwise compact and 3-a compact, and the family W = (U n (X - UO) : 
U E @} is a pairwise open cover of X - UO or a Fa open cover of X - UO 
(in the case where Uo contains all the 9: members of @). In each case, 
there is a finite subcover of 4* for X- UO, and this together with Uo 
is a finite subcover of @! for X”. If UO E 9-r, a similar”argument suffices. 
On looking more carefully at the above definition of 5-y, one sees 
that it is equivalent to that of SWART [S, Theorem 4.51. Indeed, a bi- 
topological space (X, Fr, Fa) is Swart-compact if and only if it is pairwise 
compact, 91 compact and Fe compact. 
Proposition 5. (X”,FT,FF) is pairwise TO (pairwise Ti) if and 
only if (X, Fi, Y2) is pairwise TO (pairwise Ti). 
Proof. The necessity of the condition is a reflection of the fact that 
these bitopological separation properties (see REILLY [6]) are hereditary. 
If x is any point of X” distinct from 00 there are FT (and Fr) open 
neighbourhoods of x not containing 00. Thus (X, <, <) is pairwise 
TO if (X, FI, Y-2) is. 
If (X, .Yi, Fz) is pairwise TI, then for each point x E X, (z} is 9-1 
closed and Fa closed, 5-1 compact, 5-2 compact and pairwise compact. 
Hence U=X”“-{ } x is a 9: open and a < open neighbourhood of oo 
which does not contain x. 
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One can now attempt to prove the following result. (X”, ~7, Fr) is 
pairwise Hausdorff if and only if (X, 31, Fz) is pairwise Hausdorff and 
pairwise locally compact. However, since (Xm, FT, .Fr) is 3-f” compact 
and Jo; compact, its pairwise Hausdorffness implies that 9-T =FF 
[2, Theorem lo], and one has reverted to the topological situation. 
University of Auckland 
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